Evidence for Bohmian velocities from conditional Schrodinger equation 
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It is often argued that measurable predictions of Bohmian mechanics cannot be distinguished 
from those of a theory with arbitrarily modified particle velocities satisfying the same equivariance 
equation. By considering the wave function of a closed system in a state with definite total energy, 
we argue that a distinction in measurable predictions is possible. Even though such a wave function 
is time-independent, the conditional wave function for a subsystem depends on time through the 
time-dependent particle trajectories not belonging to the subsystem. If these trajectories can be 
approximated by classical trajectories, then the conditional wave function can be approximated by 
a wave function which satisfies Schrodinger equation in a classical time-dependent potential, which 
is in good agreement with observations. However, such an approximation cannot be justified for 
particle velocities significantly deviating from the Bohmian ones, implying that Bohmian velocities 
are observationally preferred. 

PACS numbers: 03.65. Ta, 03.65.Sq 



I. INTRODUCTION 

The Bohmian formulation of quantum mechanics 
(QM) in terms of deterministic particle trajectories [![, 
originally developed to offer a possible resolution of the 
interpretative difficulties with QM (see also today 
offers also a practical tool in various applications 043- 
A recent work has demonstrated that Bohmian particle 
trajectories can even be weakly measured P4l2l|. so in a 
sense they are no longer "hidden variables". Namely, 
these weak measurements demonstrate that Bohmian 
trajectories are not more hidden than the wave function, 
i.e., that both can be measured as properties of large 
statistical ensembles, but not as properties of individ- 
ual systems. Whether the Bohmian trajectories, or wave 
functions, or both, have reality at the level of individual 
systems is observationally still unclear. 

A frequent argument (see, e.g., d, [HI) against reality 
of Bohmian trajectories is the claim that their measur- 
able predictions cannot be distinguished from those of a 
theory with arbitrarily modified particle velocities satis- 
fying the same equivariance equation 



N 
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|*| 2 u a ) =0, 



(1) 



where \&(xi, . . . , xjv, t) is the wave function for N parti- 
cle positions x OJ and u a (xi, . . . , xjv,t) is the velocity of 
particle a as a function of time t and all particle posi- 
tions Xi, . . . , xjv- Eq. (Q]) is satisfied for any velocity of 
the form 



J a 

I* 



2> 



(2) 



where j a (x 1; . . . , xjv,i) is an arbitrary vector field with 
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the property ^ a V a j a = 0, v a is the Bohmian veloc- 
ity v a = m~ 1 V a S f , S(pci, . . . ,xjv,i) is defined by the 
wave function in the polar form \)7 = Re lS / h , and m a 
is the mass of particle a. The arguments for preferring 
Bohmian velocity u a = v Q (i.e., j a = 0) include the 
analogy with classical Hamilton- Jacobi mechanics PHI], 
Galilean invariance [jL and the relation with weak mea- 
surement of velocity [9|, [13] . Nevertheless, from an obser- 
vational point of view neither of these arguments seems 
conclusive. 

In this paper we present a new observationally sup- 
ported argument for preferring Bohmian velocity u a = 
v a . For that purpose, suppose that a closed sys- 
tem (e.g., the whole Universe) is in a state with defi- 
nite total energy E. The Schrodinger equation implies 
that the wave function has the form ^(xi, . . . , xjv, t) = 
. . . , ~x.N)e~ lEt / h , implying that the wave function 
is essentially time-independent, in the sense that |*| 2 = 
\ip\ 2 does not depend on time. On the other hand, the 
observed world clearly depends on time. How the ob- 
served time dependence can be reconciled with a time- 
independent wave function of the Universe 

An obvious answer is that our Universe is simply not 
in a state with definite total energy, but in a superposi- 
tion of many different Hamiltonian eigenstates. However, 
such an answer does not seem satisfying [l3[ because such 
a state of matter in a superposition of different energies 
would imply that the gravitational field, determined by 
energy of matter, is in a superposition of states corre- 
sponding to macroscopically different gravitational fields, 
which would contradict the classical appearance of ob- 
served gravitational fields. Just as decoherence theory 
applied to coupling between charge and electromagnetic 
field explains the charge superselection rule [HI, a 
similar superselection rule preventing superpositions of 
different matter energies is expected from decoherence 
theory applied to coupling between matter and gravity. 
This argument against time dependence in QM is also 
closely related to the problem of time in canonical quan- 
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turn gravity (l6l.[l7j. where the total energy of matter and 
gravity must be exactly zero at any point in space, thus 
preventing any time dependence of the wave function. 

A key to the resolution of the problem of time- 
dependence lies in the observation that most interpre- 
tations of QM introduce some additional time depen- 
dence in the system (e.g., through wave-function collapse, 
classical macro- world, free human interventions, or time- 
dependent hidden variables), implying that time evolu- 
tion of the Universe is not described completely by the 
Schrodinger equation alone. In Appendix[X]we briefly re- 
view how various interpretations deal with it. The main 
purpose of the present paper is to explain in detail how 
the Bohmian formulation of QM explains the origin of 
time dependence in closed quantum systems with definite 
energy, and how that provides an observational evidence 
for preferring Bohmian velocities over other velocities in 
© consistent with (JTJ. 

The basic idea is not difficult to understand. Suppose 
that one is interested in a subsystem consisting of n < N 
particles. For that purpose one can consider the condi- 
tional wave function 

V> c (xi, •• • >*„,*) = VK x i> ■ • • ,x„,X n+ i(i), . . .,~K N (t)), 

.(3) 

where X„ + i(i), . . . , Xjy(t) are the actual particle trajec- 
tories of all other particles, with velocities dX. a (t)/dt = 
u a . The conditional wave function has a well- understood 
role in explaining the illusion of wave-function collapse 
[3, [H| ■ In this paper we study a different role of con- 
ditional wave function, as a tool to understand the ori- 
gin of time-dependence itself. If the total wave function 
^(xi, . . . , xjv) satisfies the time- independent Schrodinger 
equation 



N 



ip = Eip, 



(4) 



then, under certain approximations, we will find out that 
the conditional wave function satisfies 



E 



La=l 

where 



2m a 



Vl + V c (x 1 ,...,x n ,t) 



ipe = iftdtipc, (5) 



K(xi, . . .,x n ,i) = V(xi,. . . ,x„,X n+ i(t), . . . ,Xjv(t)). 

(6) 

If X n +i(f), . . . , Xjv(t) are classical trajectories, then ([5]) 
can be viewed as a quantum system of n particles in 
a classical background time- dependent potential, where 
the time-dependence of the potential comes from clas- 
sical time-dependence of the environment. Schrodinger 
equation in a classical time-dependent potential is a fre- 
quently used approximation known to be in good agree- 
ment with observations. This means that © agrees with 
observations only if the trajectories X n+ i(t), . . . , Xjv(t) 
can be approximated by the classical ones. On the other 



hand, we shall see that such an approximation is justi- 
fied if j Q = in <j2j> , but is not justified for arbitrary 
(sufficiently large) j a compatible with (jTJ) . Therefore, ob- 
servations prefer the Bohmian velocity u a = v a . (Even 
though, of course, no observation can rule out sufficiently 
small j a .) 

The rest of the paper is organized as follows. For the 
sake of better understanding of conditional Schrodinger 
equation, in Sec. |TT]we first develop conditional classical 
mechanics, with emphasis on the concepts of conditional 
Hamiltonian and conditional Hamilton- Jacobi equation. 
Then in the central section, Sec. IIII1 we generalize these 
results in classical mechanics to those in quantum me- 
chanics, by presenting a detailed derivation of the con- 
ditional Schrodinger equation. In Sec. [TV] we discuss the 
physical relevance of the conditional Schrodinger equa- 
tion, where we explain in more detail how conditional 
Schrodinger equation explains the origin of time evolu- 
tion in closed quantum systems with definite energy, and 
how that prefers Bohmian velocity over other velocities 
consistent with (fTJ). Finally, the conclusions are drawn 
in Sec. El 



II. CONDITIONAL CLASSICAL MECHANICS 

A. Conditional Hamiltonian 

Consider a closed classical system of two particles with 
positions x\ and X2, described by the Hamiltonian 



H{x 1 ,pi,x 2 ,p 2 ) 



Pi 



+ ^ + V(xi,x 2 ). (7) 



2mi 2m2 



(We consider only two particles moving in only one di- 
mension just to simplify the notation. The generaliza- 
tion of our results to arbitrary number of particles in 
three dimensions is trivial.) We distinguish the abstract 
time-independent canonical variables x a , p a , a = 1,2, 
from the physical time-dependent particle trajectories 
X a = X a (t), P a = P a (t). The latter are given by the 
Hamilton equations of motion 



dXa = dH(X 1 ,P 1 ,X 2 ,P 2 ) 
dt dP a 

dP a dH(X 1 ,P 1 ,X 2 ,P 2 ) 
dt dX a 



(8) 



Now assume that trajectory X 2 (t), P 2 (t) of the second 
particle is known. The dynamics of the first particle can 
be described by the conditional Hamiltonian 

H c (x uPl ,t) = H( Xl , Pl ,X 2 {t),P 2 {t)). (9) 

Eq. © for a = 1 is equivalent to 

dX 1 _ 8H e (Xi,Pi,t) dP x _ dH c {Xi,P u t) 

(10) 



dt 



dPx 



dt 



dX x 
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which arc nothing but Hamilton equations of motion for 
the system described by the conditional Hamiltonian. 
Using ([TJ, we see that (JSJ can be written in a more ex- 
plicit form 



H c (xi,pi,t) 



2mi 



2m 2 



+ V c (x 1 ,t), 



where 



V c (x 1 ,t) = V(x 1 ,X 2 {t)). 



(11) 



(12) 



The term P 2 (t)/2m 2 in (ITT1) depends only on time, not 
on X\ or pi, so this term is irrelevant for the Hamilton 
equations of motion (jTU)) . Consequently, (JTUJ) is valid also 
if H c given by (|11[) is replaced by a simpler conditional 
Hamiltonian 



H c (x\,pi,i) 



2mi 



+ V c (x u t). 



(13) 



Unlike ([7]), the conditional Hamiltonian (fT3"|) has an ex- 
plicit dependence on time and the corresponding energy 
is not conserved. This is because only the first particle 
is a dynamical variable in the conditional Hamiltonian, 
and consequently the system described by the conditional 
Hamiltonian is not closed. 



B. Conditional Hamilton- Jacobi equation 

The conditional Hamiltonian can be used to introduce 
the conditional Hamilton- Jacobi equation. We start from 
the total principal function Stot{xi,x 2 ,t) satisfying the 
Hamilton- Jacobi equation for the whole system 



H(xi,diS t ot,X2,d 2 St t) = -d t S t , 



(14) 



where d a = d/dx a , dt = d/dt. Since the total energy E 
is conserved, the solution of (fT4")l has the form 



S to t(xi,x 2 ,t) = S(xi,x 2 ) - Et, 



(15) 



so (fl"4"]l reduces to the time-independent Hamilton- Jacobi 
equation 



H(xi,d 1 S,x 2 ,d 2 S)=E. 



(16) 



To simplify further mathematical expressions, we in- 
troduce a short-hand notation 



F{x u x 2 ) = F, 
F( Xl ,X 2 (t)) = F c , 
F{Xi(t),X 2 (t)) = Ft, 



(17) 



for any function F. With this notation, the particle tra- 
jectories © with Hamiltonian ([7]) are equivalent to 



dt m n 



(18) 



where 



^ - p. w . 



(19) 



Now assume that X 2 (t) is known. Clearly, (ITBl implies 
that the remaining trajectory X\ (t) can be calculated as 



dX^t) _ 1 
dt mi 



(diS c ) t 



where 



S c (x u t) = S(x u X 2 (t)) 



(20) 



(21) 



is the conditional principal function. 

On the other hand, we have seen in Sec. Ill Al that dy- 
namics of the remaining particle can equivalently be de- 
scribed by the simplified conditional Hamiltonian (|13p . 
Since Hamilton formalism is equivalent to Hamilton- 
Jacobi formalism, it implies that the remaining parti- 
cle can be described by the conditional Hamilton- Jacobi 
equation 

H c (x 1 ,d 1 S c ,t) = -d t S c , (22) 
the solution of which determines the particle trajectory 
dX x (t) 1 



dt mi 



{dxS c ) t . 



(23) 



Here S c (xi,t) is a solution of (f22j) which gives the same 
velocity dXi/dt (at any given x{) as S c {x\,t) given by 

dnj, so 

diSc = d x S c (24) 
for any x\. Consequently, S c and S c are related as 

S c (xx,t)=S c (xi,t) + f(t), (25) 
where f(t) is some function which depends only on t. 

III. CONDITIONAL QUANTUM MECHANICS 
A. Conditional wave function in the polar form 

Now we are ready to generalize the results of Sec. |TT] 
to quantum mechanics. The total system is described 
by the total wave function tptot{xi,x 2 ,t) satisfying the 
Schrodinger equation 



where 



H(x 1 ,p 1 ,x 2 ,p 2 )ifj tot =ihd t ip t 



p a = -ihd a . 



(26) 



(27) 



We are interested in a solution with a definite total energy 
E, so tptot(xi,x 2 ,t) — tl){x\,x 2 )e~ lEt / h and ([2"Bf reduces 
to 



H(xi,p 1 ,x 2 ,p 2 )ip = Eijj. 



(28) 
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The solution can be written in the polar form 

i>( Xl ,x 2 ) = R( Xl ,x 2 )e iS ^> x *V n , (29) 

so complex equation (|2"5|) is equivalent to a set of two real 
equations 



HQ(xi,diS,x 2 ,d 2 S) = E, 



d 1 (R 2 v 1 ) + d 2 {R 2 v 2 )=0, 



(30) 



(31) 



where 



HQ(xi,diS,x 2 ,d 2 S) = H(x 1 ,diS,x 2 ,d 2 S) 

+Qi(xt,x 2 ) + Q 2 (xi,x 2 ), (32) 



Qa = 



2m a R ' 



Va = 9 a S, 



(33) 



(34) 



and H(xi,diS, x 2 ,d 2 S) is the classical Hamiltonian. We 
see that (j3"0"|) has the same form as the classical time- 
independent Hamilton- Jacobi equation (|16p . with the re- 
placement 

V(x 1 ,x 2 ) -t V Q ( Xl ,x 2 ) = V(xi,x 2 ) + Q{x\,x 2 ), (35) 

where Q = Qi + Q 2 . 

In the Bohmian interpretation of QM, quantum parti- 
cles have definite trajectories analogous to classical tra- 
jectories (Ql 



dXajt) _ 1 



(36) 



with the only difference that now S satisfies the quantum 
Hamilton- Jacobi equation (|30p . instead of the classical 
Hamilton- Jacobi equation (ITBl . So, if X 2 (t) is known, 
then the motion of the remaining particle can be calcu- 
lated from 



(37) 



where S c {xi,t) = S(x\, X 2 (tj). Equivalently, it can also 
be calculated from 



dX.it) 1 - 

= {OiSc)t, 



(38) 



dt mi 

where S c (xi,t) satisfies the quantum analogue of (|22|) 

H Qc (x 1 ,d 1 S c ,t) = -d t S c , (39) 

with 

H Qc (x x ,diS c ,t) = ^sL+V e (x!,t) 

+Qic(xi,t) + Q 2c (x u t). (40) 



Analogously to (|23|). we see that 

S c {xi,t) = S c (x u t) + f{t), 



(41) 



where fit) is some function which depends only on t. 

Now consider (|3"Tj) along the trajectory x 2 = X 2 it), 
Clearly, (|3T|) for x 2 — X 2 it) can be written as 

diiR 2 c v lc ) + id 2 R 2 ) c v 2c + R 2 c id 2 v 2 ) c = 0. (42) 

On the other hand, we have 



dtRi = 



fdR 2 



dX 2 it) 



\dx 2 J X2=X2{t) dt 



= id 2 R 2 ) c v 2t . (43) 



This can be used to eliminate id 2 R 2 ) c from (|4"2"]) , which 
leads to 

— d t R 2 c + dtiRlv^) + R 2 c (d 2 v 2 ) c = 0. (44) 
v 2t 



B. Conditional Schrodinger equation 



Eqs. (|39[). (1401) . (|4T|) . and (g3J| are exact equations. In 
Appendix [Bl we show that they can be combined into an 
exact pseudo-Schrodinger equation. Here, however, we 
are more interested in the case when the trajectory X 2 it) 
can be approximated by a classical trajectory. This hap- 
pens when i?(xi, x 2 ) does not depend much on x 2 . (For a 
more detailed discussion of the classical limit in Bohmian 
mechanics, see also [l9j].) More precisely, if L 2 is a typi- 
cal length scale within which R changes significantly by 
a change of x 2 , then X 2 (t) behaves classically if 



l 2 » h/P 2 , 



(45) 



where P 2 = m 2 X 2 is the momentum. In this approxima- 
tion we can take d 2 R ~ 0, so (|33|) implies that 



(46) 



Q 2 ^0. 



Similarly, we have d 2 Qi — 0, d 2 Q 2 ~ 0, implying that 
the quantum force — d 2 iQ\ +Q 2 ) on the second particle is 
negligible. Therefore the motion of the second particle is 
approximately governed by local classical forces, imply- 
ing that velocity of the second particle does not depend 
much on the position of the first particle at the same 
time, so 



t>2c ^ V 2t it). 



(47) 



Similarly, the quantity id 2 v 2 ) c does not depend much on 
x\, so we can write 



id 2 v 2 ) c ~ -Tit), 



(48) 



where T(t) is a function which depends only on t. Insert- 
ing all these approximations into equations (|39p . (|40p . 
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(HP) , and (HU, these equations reduce to a set of two 
independent approximate equations 



{diSc 
2mi 



+ V C + Qu + f{t) = -d t S c , 



d t R 2 c + dx{R 2 c v lc ) = R 2 c T{t), 



(49) 



(50) 



where f(t) = df(t)/dt and all functions with the label c 
are functions of X\ and t. 

We see that the left-hand side of (|50|) looks like an 
equivariance equation, but the right-hand side does not 
due to the F-term. To find a true equivariance equation 
without the T-terni, we define a new quantity 



Pc(Xi,t) 



N(t) ' 



(51) 



where N(t) will be fixed from the requirement that 
p c {xi,t) should satisfy an equivariance equation. Insert- 
ing ([ST]) into dSTJ, we get 

N(t)[d tPc + dt{p c v le )] + Pc [N(t) + T(t)N(t)} = 0. (52) 

The requirement of equivariance is the vanishing of the 
first square bracket in (|5"2")l 

dtPc + dx(p c v lc ) = 0, (53) 

which is satisfied if the second square bracket in (|52")l 
vanishes as well 

N(t)+T(t)N(i) = 0. (54) 
Eq. ([54]) is a differential equation with the solution 

N(t) = N(0)e~fo dtm . (55) 

Note that T(t) is not a positive-definite function, so the 
exponent in (|55[) may be either positive or negative for 
various values of t. On the other hand, we choose iV(0) 
to be positive, implying that N(t) is positive for all t. 
Next we introduce the wave function 



Mx u t) =R c (x u t) e ^(*i,t)M 



where 



R c (xi,t) = 



R c {xi,t) 



(56) 



(57) 



and S c (xi,t) is given by (JUJ). Now (f5"Tj) can be written 
as p c = R 2 , so ([55)1 can be written as 



d t R 2 c + d 1 (R 2 c v lc ) = 0, 
where, due to (JM]) and (|4T1) . 

vie = — diS c = —diS c 
mi mi 



(58) 



(59) 



Similarly, (j4"9")l can be written as 

(^ c ) 2 



■ v - - 

Irrii 

where, due to (|33|) and (|57| 

h 2 » 2 



Qic — — 



d(R 



2mi R 



c = -d t S c 



h 2 d 2 R 
2mi R 



(60) 



(61) 



Eqs. ([S^)l and together with (|5E| . are easily rec- 

ognized to be equivalent to the conditional Schrodinger 
equation 



2l 

2m 



-d 2 + V c (x u t) 



ijj c (xi,t) = ihdtijjc(xi,t). (62) 



Eq. (|62|) is our final result, which represents a quantum 
analogue of the classical Hamilton- Jacobi equation (|2"2")l 
with (IT31 . Note, however, that (|2^|) with ([T3]) is an exact 
result, while (1621) is only an approximation. Eq. (|62[) can 
also be obtained in a different way, by using a WKB-likc 
expansion in powers of 1/ \jvni [20J. A similar result has 
also been obtained under more restrictive assumptions in 

a 

In practical descriptions of open physical systems, ef- 
fective Schrodinger equations of the form of (|62l) are often 
taken as a starting point, with heuristic justifications for 
the use of classical time-dependent potentials in quan- 
tum mechanics. (Recall that, in general, a classical time- 
dependent potential is defined as the conditional poten- 
tial (O in which X rl+ i(i), . . . , X^r(t) are classical trajec- 
tories.) Our detailed analysis above shows how such an 
effective description can be obtained from first principles, 
by using conditional wave functions. 



IV. PHYSICAL RELEVANCE OF THE 
CONDITIONAL SCHRODINGER EQUATION 

After the technical developments in Sees. [XT] and IIII1 
now we want to understand the physical relevance of the 
conditional Schrodinger equation. 



A. When different velocities cannot be 
distinguished 

In modeling quantum measurements, one often argues 
(either in Bohmian [l|-[I| or non-Bohmian [22| con- 
text) that the ordinary Schrodinger equation itself, with- 
out particle trajectories, provides a non-trivial time evo- 
lution ty(xi,X2,t) of the form 



1p(x!)(j) (x2) A y^ y C b lp b (xi)(j)b(x2), 



(63) 



where tp( x i) — X)b c b^Pb{x\) is the initial wave function of 
the measured system, ipoixz) is the initial wave function 
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of the measuring apparatus, ^(xi) are normalized eigen- 
states of the measured observable, and (j)b{x 2 ) are normal- 
ized macroscopically distinct pointer states well localized 
in the £2-space. Then particle trajectories X a (t) with any 
velocities 



dXgjt) 

dt 



u a {X 1 (t),X 2 {t),t) 



satisfying the equivariance equation 

d t \^\ 2 +d 1 m 2 u 1 )+d 2 m 2 u 2 ) = o 



(64) 



(65) 



will imply that X 2 will enter the channel <j)b{x 2 ) with 
probability |q,| 2 , in agreement with observations. For 
that purpose, the Bohmian velocity u a = v a is not better 
than any other velocity u a satisfying (1551) . The localized 
wave packets (j)b{x 2 ,t) themselves move approximately 
classically owing to the Ehrenfest theorem, even if the 
trajectory X 2 (t) is highly non-classical at lengths shorter 
than the width of the wave packet. So if the only role of 
particle trajectories is to pick up some particular chan- 
nel 4>b{x 2 ) in (63\) , then observations cannot distinguish 
between different velocities u a (xi,x 2 ,t) satisfying H65\) . 
Some even argue that it makes the very existence of such 
trajectories superfluous [H, [2|J . 



B. When different velocities can be distinguished 

In this paper, however, we point out that picking up 
some particular channel in (|63|) is not the only role of 
particle trajectories. In modeling time evolutions of the 
form (|6"5)l . one usually describes it with a Schrodinger 
equation in which the Hamiltonian itself has an explicit 
dependence on time. (For instance, one often uses a cou- 
pling between the measured system and the apparatus 
that starts at some particular time to and ends at an- 
other particular time t\.) But fundamental Hamiltonians 
do not have an explicit dependence on time, so such a 
description is at best an effective one. One might argue 
that the time dependence comes from a classical time- 
dependent environment, but if the macroscopic appara- 
tus is to be ultimately described by QM as in (|6"5j) , then, 
at the fundamental level, the environment should also be 
quantum. On the other hand, if the closed system as a 
whole is in a state with definite total energy, then no time 
evolution at all, including the time evolution in (1631) . can 
be described by the Schrodinger equation alone. Some 
additional time-dependence is needed. 

In this paper we propose that the time evolution of 
the wave function in (|63[) is fundamentally a conse- 
quence of time-dependent particle trajectories. More pre- 
cisely, we propose that the time-dependent wave function 
^{x\, x 2 , t) in (|63[) is actually a conditional wave function 



^{xi,x 2 ,t) = $>(xi,x 2 ,X 3 (t)), 



(66) 



where X 3 (t) represents trajectories of the particles con- 
stituting the environment. (Here by "environment" we 



mean the controllable environment degrees of freedom 
which are responsible for preparations of quantum exper- 
iments. They should not be mixed with uncontrollable 
environment degrees of freedom responsible for decoher- 

ence [HEl.) 

It is known from experience that classical models of 
environment provide an approximation that agrees well 
with observations. Essentially, a classical model of a 
time-dependent environment can be reduced to a Hamil- 
tonian with a time-dependent potential of the form 



V(xi,x 2 ,t) = V(xi,x 2 ,X 3 (t)), 



(67) 



where X 3 (t) is a classical trajectory. But from the results 
of Sec. IIIIB1 we know that conditional wave function ap- 
proximately satisfies a Schrodinger equation with such a 
clasically time-dependent potential, provided that X 3 {t) 
can actually be approximated by a classical trajectory. 
We have seen that such an approximation is justified if 
the velocities u a are the Bohmian velocities v a . 

On the other hand, with an arbitrary modification 
of velocities as in Eq. ©, such an approximation does 
not work. (Even though it may work for some suffi- 
ciently small modifications.) The reason is the fact that 
V(xi,x 2 , X 3 (t)) would not have approximately classical 
dependence on time if X 3 (t) did not have approximately 
classical dependence on time. As a consequence, the con- 
ditional Schrodinger equation ([6^)1 with a classical time- 
dependence of the potential could not be obtained. Thus 
we conclude that observations prefer Bohmian velocities 
u a = v a over other arbitrary modifications of the form 
of With arbitrary modifications, or more precisely 
with velocities significantly deviating from the Bohmian 
ones, it would be difficult to explain why quantum sys- 
tems described by the time-dependent potentials of the 
form (|67p with classical time-dependence Xa(t) are in 
agreement with observations. 

It is also useful to illustrate the meaning of "signifi- 
cant" deviations by more specific examples. If a vector 
field f (xi,...,Xiv,t) has the property J2 a V <if Q = 0, 
then so does the vector field j a = Af a with an arbitrary 
constant A. Therefore the velocity of the form 



u Q = v a + A 



(68) 



satisfies the equivariance equation (fT]) for any A. Clearly, 
the Bohmian velocity v Q cannot be experimentally dis- 
tinguished from with a sufficiently small A. In this 
case, the deviation of (|68p from v Q is not significant. By 
contrast, a significant deviation of (|68p from v a corre- 
sponds to the case in which A is sufficiently large. Even 
if the quantum potential is exactly zero, in which case v a 
coincides with classical velocity, the velocity (jtI5)) will be 
very different from the classical velocity if A is sufficiently 
large. 

An even more specific example is provided by the case 
in which |\I/| 2 in (fT]) does not depend on time. In this 
case one can choose f a = |^| 2 v a , so becomes 



u a = (I + A)v a . 



(69) 
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Thus the actual velocities are proportional to the 
Bohmian ones, but not equal to them. An extreme exam- 
ple is provided by A = — 1 , in which case particles do not 
move at all. It should be obvious that particles which 
do not move cannot explain why the Universe (with a 
time-independent total wave function) depends on time, 
despite the fact that (Q]) is satisfied. 

In addition, note that the condition P5|) . needed for 
validity of the classical approximation, is not satisfied 
for well-localized wave packets. Just the opposite, this 
condition is best satisfied for very delocalized wave func- 
tions, such as a plane wave e' lk2X2 . When this condition 
is met, then the wave function does not look like a clas- 
sical particle with a time-dependent trajectory. For that 
reason, the role of actual Bohmian particle trajectories is 
essential. 



C. Is conditional wave function essential? 

One might argue that our argument for preferring 
Bohmian velocities over more general velocities can be 
reduced to the explanation of the classical limit in QM, 
and that conditional wave functions are a red herring 
which are not essential for the argument. 

To see if this is true, consider the following question: If 
nature is quantum, then why some objects seem to have 
classical trajectories? The standard (non-Bohmian) an- 
swer, presented in a somewhat over-simplified form, is 
this: Some objects have classical trajectories because lo- 
calized wave packets have classical trajectories, owing to 
the Ehrenfest theorem. However, there is a problem with 
that answer. If the wave function of the closed system 
has definite total energy, then the wave function does not 
depend on time, and therefore wave packets do not de- 
pend on time, and therefore wave packets do not move at 
all. So again, if wave packets do not move, then why do 
we see that some objects move with classical trajectories? 

The Bohmian formulation of QM provides a very clear 
answer. The objects which move are not wave packets, 
but the particles. But if Bohmian velocities are replaced 
with more general velocities, then, in general, this mo- 
tion cannot be approximately classical. Therefore ob- 
servations prefer Bohmian velocities over more general 
velocities. 

In this way one concludes that Bohmian velocities are 
preferred without invoking conditional wave functions. 
There is, however, a problem with the argument above. 
This argument uses the assertion that "the objects which 
move are not wave packets, but the particles". This as- 
sertion cannot be completely true because there is ex- 
perimental evidence that, in many cases, wave packets 
do move. But then again, how can moving wave pack- 
ets be compatible with the total wave function which 
does not depend on time? The Bohmian answer is: be- 
cause these time-dependent wave functions are condi- 
tional wave functions. So this is why it is important to 
analyze the behavior of conditional wave functions, and 



to show that they are compatible with approximations 
which we already know to be in agreement with observa- 
tions. 



V. CONCLUSION 

It is well known that QM has both deterministic as- 
pects (the time-evolution of the wave function) and prob- 
abilistic aspects (the probabilistic interpretation of the 
wave function). For a given deterministically-evolving 
wave function of a subsystem, our results do not change 
the well-established result that the probabilistic measur- 
able predictions of Bohmian mechanics do not depend on 
the choice of j a in ©. What our results demonstrate is 
that there are deterministic measurable predictions, re- 
garding the evolution of wave function itself, which are 
sensible to different choices of j a . 

More specifically, in this paper we have presented a de- 
tailed derivation of the conditional Schrodinger equation 
satisfied by the conditional wave function, in which the 
time dependence of the wave function comes from the 
time dependence of known particle trajectories. If the 
known particle trajectories can be approximated by clas- 
sical trajectories, then the conditional Schrodinger equa- 
tion turns out to coincide with a Schrodinger equation 
in a classical time-dependent potential, which is known 
to be a good description in agreement with observations. 
The approximation by classical trajectories is justified if 
the particle velocities are the Bohmian velocities, but is 
not justified if the particle velocities are arbitrarily mod- 
ified in a way that does not ruin validity of the quantum 
equivariance equation. We have used these results to 
propose that Bohmian particle trajectories are the fun- 
damental source of time dependence in closed systems 
with definite energy, and to argue that observations pre- 
fer Bohmian velocities over other velocities compatible 
with the quantum equivariance equation. 

Our main line of reasoning can be summarized in a 
simple form as follows: 

- In practical applications of QM, one often uses an 
approximation (which agrees with observations) ac- 
cording to which some particles are described by a 
Schrodinger equation in a classical time-dependent 
potential. 

- Bohmian mechanics needs to explain why that ap- 
proximation is justified. 

- The conditional wave function of these particles ap- 
proximately obeys the Schrodinger equation in a 
classical time-dependent potential only if other en- 
vironment particles, which are responsible for the 
time-dependence of the potential, follow approxi- 
mately classical trajectories. 

- Given that the total wave function of a closed sys- 
tem is time independent, the environment particles 
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can follow approximately classical trajectories if the 
Bohmian velocity formula is assumed, but not if 
the general velocity formula (significantly deviat- 
ing from the Bohmian one) is assumed. 

- Therefore, Bohmian mechanics justifies the approx- 
imation in the first item above if the Bohmian ve- 
locity formula is assumed, but not if the general 
velocity formula (significantly deviating from the 
Bohmian one) is assumed. 

Another, even more concise way to summarize our re- 
sults, is to point out that we have found a loophole in 
the usual proof that all velocities satisfying the quantum 
equivariance equation give the same measurable predic- 
tions. The usual proof takes for granted that the evolu- 
tion (IBlfl) does not depend on the existence of particle tra- 
jectories, which, indeed, represents the core of the proof. 
However, taking it for granted overlooks the idea that the 
wave function of a closed system should not depend on 
time. When this overlooked idea is taken into account, 
one finds that the evolution (1551) does depend on parti- 
cle trajectories, because the wave function evolving with 
time is the conditional wave function. 
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Appendix A: Time evolution in various 
interpretations of QM 

Consider a closed system in a state with definite en- 
ergy. How time evolution is possible in such a system? 
Unfortunately, an interpretation-independent answer to 
this question does not exist. In this Appendix we briefly 
review different answers provided by different interpreta- 
tions. 

''Copenhagen" -collapse interpretation. According to 
this interpretation proposed by von Neumann pBj . ev- 
erything, including the observer, is described by the wave 
function. However, the time-evolution of the wave func- 
tion is not always governed by the Schrodinger equation. 
Instead, the act of observation is associated with a wave- 
function collapse. The collapse introduces an additional 
time-evolution in the system, not present in the evolu- 
tion by the Schrodinger equation. In this interpretation 
the act of observation plays a fundamental role, but the 
concept of observation itself is not described by physics. 

"Copenhagen" interpretation with classical macro- 
world. According to this interpretation, usually at- 
tributed to Bohr, quantum mechanics can be applied 



only to the micro-world, not to the macro-world. The 
macro-world is described by classical mechanics, so the 
time evolution in the macro-world is not governed by 
a Schrodinger equation. In a closed system a quan- 
tum micro-subsystem interacts with a classical macro- 
subsystem, so that the time-dependence of the latter in- 
duces a time dependence of the former. 

Modern instrumental "Copenhagen" interpretation. 
This is a widely-used practically oriented interpretation 
of QM (see, e.g., [26j]), in which QM is nothing but a 
tool used to predict the probabilities of measurement 
outcomes for given measurement preparations. The mea- 
surement preparations are freely chosen by experimental- 
ists. The experimentalists themselves are not described 
by QM. The free manipulations by experimentalists in- 
troduce additional time-dependence in the system not 
described by the Schrodinger equation. Within such an 
interpretation, the concept of wave function of the whole 
Universe does not make sense. 

Objective collapse. In this interpretation the 
Schrodinger equation is modified by adding a stochastic 
term due to which the wave function collapses indepen- 
dently on any observers. The best known example of 
such a modification is the GRW theory [27j . 

Hidden variables. In this class of interpretations, the 
physical objects observed in experiments are not the wave 
functions, but some other time-dependent variables X(t). 
Even if the wave function governed by the Schrodinger 
equation is time-independent, the "hidden" variable X(t) 
may depend on time. The best known and most suc- 
cessful model of such variables is given by the Bohmian 
interpretation [l|, some aspects of which are studied in 
more detail in the present paper. 

Statistical ensemble. According to this interpretation, 
the wave function is only a property of a statistical en- 
semble of similarly prepared systems and tells nothing 
about properties of individual physical systems [28[ . So 
if a wave function is time-independent, it does not mean 
that individual systems do not depend on time. This 
interpretation can be thought of as an agnostic variant 
of the hidden-variable interpretation, in the sense that 
the existence of hidden variables is compatible (and per- 
haps even natural) with the statistical-ensemble inter- 
pretation, but the statistical-ensemble interpretation re- 
frains from saying anything more specific about them. 

Consistent histories. In this interpretation [29], the 
wave function is a tool to assign a probability to a given 
time-dependent history of the physical system. In this 
sense, it is similar to hidden-variable interpretations. 
However, to avoid non-localities typically associated with 
normal hidden-variable theories, the consistent-histories 
interpretation replaces the classical propositional logic 
with a different kind of logic [3(| ■ 

Many worlds. According to the many-world interpre- 
tation, the Universe as a whole is nothing but a wave 
function evolving according to the Schrodinger equation 
[3ll [32( 1 . So, if wave function of the Universe is a state 
with definite total energy, at first sight it seems impossi- 
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ble to have any nontrivial time-dependence in the system. 
Nevertheless, a non-trivial time dependence can be intro- 
duced in a rather subtle way, by redefining the concept 
of time itself [l3[ . Even if ip(xi, . . . , xn) does not depend 
on an evolution parameter i, some of the configuration 
variables x\ , . . . , xm may represent readings of a physical 
clock, on which ip(xi, . . . , xn) still depends. In such an 
interpretation of QM all probabilities are interpreted as 
conditional probabilities, as reviewed also in [16l |17|. 

Of course, none of these interpretations is without dif- 
ficulties. However, to avoid controversy and keep neu- 
trality, the difficulties will not be discussed. We expect 
that critical readers will immediately recognize some dif- 
ficulties with most of these interpretations, even without 
our assistance. 



two real equations 
(d x S) 2 



U + Q + h = -d t S, 



2 W t R 2 + d x (R 2 v) = R 2 T. 



(B6) 
(B7) 



Next we want to show that the exact results of 
Sec. IIII Al can be written in the form of (|B6l) and (TB7)) . 
For that purpose we first observe that (|39|l . (|40)) . and 
(l4Tt can be written as 



(diS c 



2m\ 

Second, we write (l44l) as 



V c + Q 2c + Qic + / = ~d t S c 



(B8) 



Appendix B: Pseudo-Schrodinger equation for 
conditional wave function 

Consider a wave function ip(x, t) satisfying equation of 
the form 



2m 



d 2 x + U{x,t) + h(t) +ih 



T(x,t) 



( B1 ) 

where U{x,t) 1 h(t), T(x,t), are some real, but other- 
wise unspecified functions. Eq. (|B1I) looks similar to a 
Schrodinger equation, but the T-term makes the opera- 
tor in the square brackets non-hermitian, implying that 
time-evolution of ip is not unitary. Besides, the functions 
U(x,t), h(t), and T(x,t) may in fact be functional of 
ip(x,t), in which case (|B1[) is not a linear equation. For 
those reasons, we refer to (|B1|) as a pseudo-Schrodinger 
equation. 

Now let us write ip in the polar form 



ip{x,t) = R{x,ty six ' t)/h . 



Using the identities 



2m 



2m 



d x (R 2 v) 



(B2) 



^ (B3) 



ihd t ip — 



^( dt R 2 )-(d t S) 



where 



Zm R m 



(B4) 



(B5) 



and multiplying (IB1|) with ip* from the left, one finds 
that the complex equation (IB1[) is equivalent to a set of 



OtRl + d^Rlv^) = R 2 



V2l 



R 2 . 



(d 2 v 2 ) 



(B9) 



We see that ()B8|) and ()B9|) have the same form as (|B6|) 
and (IB7[) . respectively, with the identifications m = mi, 
x = Xi, R = R c , v = v\c, Q = Qic, provided that we 
take 



U(x\,t) = V c {xi,t) + Q2c{xi,t) 1 



h(t) =f(t), 



(BIO) 



(Bll) 



T(x u t) 



V2c(xi,t) 
V2t(t) 



d t R 2 c (x!,t) 



(B12) 

In other words, the conditional wave function ip c (x\,t) 
satisfies the pseudo-Schrodinger equation (IB1|) 



2m\ 



d 2 + U{x u t) + f{t) + ih 



T( Xl ,t) 



ijj c = ihdtipc, 
(B13) 



where U{x\,t) and T(x\,t) are given by (|B10|) and (|B12I) . 
respectively. We see that (IBlOp and (IB12|) are functionals 
of ip c {xi, t), so (|B13| is a non-linear equation. 

Finally, the /-term in (|B13|) can be eliminated by defin- 
ing a new wave function 



(B14) 



The new wave function satisfies 

h 2 



2mi 



Of + U(xi,t) + ih 



T(x u t) 



ip c — ihdtipc- (B15) 



A similar pseudo-Schrodinger equation has also been ob- 
tained in 0] and (33j . 
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